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Abstract A classical nonrelativistic U (1) x U (1) gauge field model that describes the topo-
logically massive electromagnetic interaction of composite particles in (2 + 1) dimensions
is proposed. The model, generalization of a previously postulated one, contains a Chern-
Simons U(1) field and the topologically massive electromagnetic U (1) field, and it uses
both a composite boson system or a composite fermion one. The second case is considered
explicitly. By using the Dirac Hamiltonian method for constrained systems, the canonical
quantization is carried out. By means of the Faddeev-Senjanovic formalism, the path in-
tegral quantization is developed. Consequently, the Feynman rules are established and the
diagrammatic structure is treated. The application of the Becchi-Rouet-Stora-Tyutin algo-
rithm is discussed. The present and previous models are compared.

Keywords Quantum field theory - Composite bosons and fermions

1 Introduction

As it is well-known, the composite bosons and fermions (CB, CF) theory [18, 19, 22-25, 29,
32,35-37,40-43, 46] has significant relevance and current importance in the understanding
of the quantum Hall effect in its integer and fractional aspects.

We are interested in studying the electromagnetic interaction of composite particles in
(2 4+ 1) dimensions.

Therefore, we proposed [26] a classical nonrelativistic U (1) x U (1) gauge field model
which contains two U(1) gauge fields, a Chern-Simons (CS) field a, [2, 45, 47] and the
electromagnetic field A, .
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Likewise, we performed the canonical quantization for the model. This was made by
means of the Dirac Hamiltonian formalism for constrained systems [8, 9, 38].

Furthermore, we implemented the path integral quantization method through the
Faddeev-Senjanovic (FS) procedure [10, 34] because the model has first and second-class
constraints. Consequently, we established the Feynman rules of the model.

Moreover, we considered a simplified version of the model related to one used within the
framework of condensed matter [17].

Also, we applied the Becchi-Rouet-Stora-Tyutin (BRST) algorithm to the model [4, 5,
15, 16, 20, 28, 38, 44].

We treated explicitly the CF case.

On the other hand, we proposed to extend the model by adding different terms to the
Lagrangian density.

Thus, in [27], we considered a topological mass term for the electromagnetic field and
interaction terms between the CS and electromagnetic fields.

Besides, we analyzed the obtained model following the same steps as the ones carried
out in [26] and we compared the obtained and original models.

Furthermore, we found that the equations corresponding to the pure interactive case can
be obtained directly from the ones corresponding to Manavella and Addad [27], by can-
celling the terms with topological mass. On the contrary, the equations corresponding to
the pure topologically massive case cannot be found from the ones corresponding to that
reference by cancelling the interaction terms between the gauge fields.

For this reason, the purpose of the present paper is to consider the pure topologically
massive case and to analyze the corresponding model in similar way to the above papers.
Some results were given in advance in [27].

The paper is developed as follows: In Sect. 2, we describe classically our model and
we make its canonical quantization through the Dirac algorithm. Next, in Sect. 3, by using
the path integral quantization procedure by means of the FS formalism, we establish the
Feynman rules of the model and we analyze its diagrammatic structure. Then, in Sect. 4, we
apply the BRST method to the model. Afterwards, in Sect. 5, we compare the present and
original models. Finally, in Sect. 6, we present our conclusions and outlook.

2 Classical Model and Canonical Quantization

As it is well-known, the addition of a CS term to the Maxwell action leads to the topolog-
ically massive (2 + 1)-dimensional electrodynamics [21]. In this theory, a modified Gauss
law appears with the result that any charged particle carries a magnetic flux proportional to
its charge.

In the present paper, as it was said in the introduction, we consider a topological mass
term for the electromagnetic field. Consequently, we use the electrodynamics above men-
tioned.

Hence, we propose a classical nonrelativistic field model with U (1) x U (1) gauge sym-
metry for the topologically massive electromagnetic interaction of composite particles in
(2 4+ 1) dimensions. We explicitly consider a CF system. We think that this system can be
treated through the following singular Lagrangian density:

L=L+ Lo, @1
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where L7} is given by

em ot 1 T T 1 v,
L =iy Doy + z—mbx/f‘D%p — iy + ms” a,d,a, (2.2a)

and L;,, is written as
1 1
Etm = %&#V'DAM&,AP — ZFMVFMU- (22b)

In (2.2), the Greek indices take the values i, v, p =0, 1, 2.

We use natural units where /2 = ¢ = 1. The Minkowskian metric is g, = diag(1, —1, —1)
and 92 =2 =1.

In (2.2a), the covariant derivative which involving both the CS U (1) gauge field a, and
the topologically massive electromagnetic U (1) gauge field A, is givenby D, =9, —ia, —
ieA, (we take the electron charge as —e) and furthermore D? = Df + D%. The matter field
¥ is a charged spinorial field describing CF. m;, and p are the band mass and the chemical
potential of the electrons, respectively. é is the strength of the flux tube in units of the flux
quantum 27. (We fix the strength for the fictitious charge of each particle that interacts with
the fictitious gauge field in the unit.)

In (2.2b), the first term on the right-hand side is the topological mass term for the electro-
magnetic field. The topological mass is given by 27 /o and so the real magnetic flux bound
to the electrons is eo/2m. In the second term on the right-hand side of that equation, F,, is
the electromagnetic field tensor.

Therefore, the Lagrangian density corresponding to the original model is obtained from
(2.1) by removing the topological mass term.

By means of the expression for the covariant derivative, we rewrite (2.2a) as follows:

Ll P i 1 i i
S WYY Y (@ ted)) Y+ o Y DY -y Y
mp

em t+l .
of :lT'/fTa()‘/f‘H

1
+ ~ " q, d,a,. (2.3)
4 . ’

In this equation, the kinetic fermionic term is written in the general form through the arbi-
trary parameter t [38].

Now, we are going to develop, by means of the Dirac method, the canonical quantization
for the model.

The momenta PZ = (p*, P’, ], 5) canonically conjugate to the independent dynam-
ical field variables Az = (a,, A,, ¥, w;), respectively, are defined as PZ = BL/(SAI. In
these equations, the compound index Z runs over the components of the different field vari-
ables and the new Greek indices take the values o, 8 =1, 2.

The momenta are given by

p’=0, (2.4a)
. 1 .
= ——¢§la;, (2.4b)

P 4 !

P’ =0, (2.4¢)
. 1 .. .

P = Zsu Aj+ F", (2.4d)
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1
no‘: = — L l, (2.4e)
2
T—1
Ty =1 ) 1/fa, (24f)

where the Latin indices take the values i, j =1, 2.
The nonvanishing fundamental equal-time (x° = y°) Bose-Fermi brackets [6, 7] are writ-
ten as

[a,(). " W] = 8,8G = ), (2.52)
[A,00), PP D] = 8,8 =), (2.5b)
[V )] = =88 =), 2.50)
[Vi(0), T3], = —8upd(X — ), (2.5d)

where the notation [.,.]; indicates brackets between bosonic and fermionic Grassmann
variables, respectively.
From (2.4), we obtain the following primary constraints:

B0 = pO 0, (2.6)
oY — pi — Lgi.fa. ~0 (2.6b)
2 4

®) = P'~0, (2.6¢)
1

Qb =ml il er w0, 2.6d)
-1

Qy =y — 1 5 Yy ~0. (2.6e)

The canonical Hamiltonian density is defined as H. = a,, p* + A w P+ ¢n+ + {ﬂﬂ —L
which, by means of (2.4), remains

1 ij i 1 ij 1 i 1 i i
HC=—4nqS£]a08,-aj+p 8,'610—%8“403,'14]'—@14[14 _EPiP + P'0; Ag

1 . 1 iy . |

— e AP+ T FFT + uy 'y =y (a0 +eAg) Yy — —y Dy (27)
20 4 2my,

Besides, the primary Hamiltonian density is defined as

Hy =He + D) + g Y + A3D] + AL Q + QL A, (2.8)

where A1, A; and A3 are bosonic Lagrange multipliers and A; and A, are fermionic ones.
Next, by implementing the consistency condition on the primary constraints, we obtain
the following secondary constraints:

1 0 i 1 ij T
o) =[®), H,|=0p' + —=¢c"0a; + ¥ ¢ =0, (2.92)
4
1 0 i 1 ij T
) =[P}, H,|=0,P + 3o A +eyy~0, (2.9b)
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where H, = [ d*H,, is the primary Hamiltonian.

We find that (2.9a) and (2.9b) are the time components of the equations of motion corre-
sponding to a,, and A, respectively.

When we impose the consistency on the constraints (2.6b), (2.6d) and (2.6e), the La-
grange multipliers Ay, A} and A,, appearing in (2.8), remain determined, respectively.
Moreover, when we implement the consistency on the constraints (2.9), the resultant equa-
tions are satisfied automatically. Hence, there are no further constraints.

It is easy to show that the constraints (2.6a) and (2.6¢c) are first-class whereas the con-
straints (2.6b), (2.6d), (2.6¢e) and (2.9) are second-class. Nevertheless, the latter do not form
a minimal set of second-class constraints. The reason is that the determinant of the matrix
whose elements are the Bose-Fermi brackets between these constraints vanishes.

Therefore, there must be at least two linear combinations of second-class constraints
which are independent of the above first-class constraints and these must also be first-class.
We find that there are only two of such combinations, which are the following:

T, [T, i i
Ti=ed) -~ Py = o5 0 = 5 A+ edp! — 0P 0, (2.10a)
X " ] . ] 1 .. .
S=yie-ya —lol=yir —yxt - L (—8” BA; + 8L~P’> ~0. (2.10b)
e e \20
Consequently, two second-class constraints can be eliminated and so the final set of con-

straints remains:

(1) The first-class constraints defined by the functions X, ¥,, ¥3 = CD? and X4 = <I>(3’. As
it is well-known, these constraints are related to the symmetries of the gauge group
U (1) x U(1) of the model.

(ii) The second-class constraints defined by @Y, Qf and €.

The extended Hamiltonian is defined by
H, = / d> (He + p*y) — / &> dAT () Fry (&, DIT, ), Hel, @11

where p?,a=1,...,4, are bosonic Lagrange multipliers, F~! is the inverse of the matrix
F whose elements are [I[';,I';],1,J=1,...,6, and I'] = d>gl, I, = d>(2)2, I'; = QI, Iy =
Q;, I's = Q; and I'g = 2, are the second-class constraints.

The matrix F reads

1
? ~ g o 0 0 O
P4 0 o o0 0 O
0 0 0 0 i - o
F = S§(x —Yy), 2.12
0 0 o 0 x=y) (2.12)
0 0 - 0 0 O
0 0 0O —i 0 O
its determinant is
1
detF = ———68(xX — ), 2.13
eyl (2.13)
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and its inverse is given by

0 2m¢ 0 0 0 O
—27¢ 0O 0 0 0 O
0 0 00 i O
F'= (X —y). 2.14
0 OOOOi(y) @19
0 0 i 00
0 0 0 i 0

Now, we calculate the Dirac brackets D (F) with regard to the matrix F.
The D(F) bracket between the functions R(x) and S(y) is defined as follows:

[R@LSQJP““=[Ruxsoiy—fd%d%[RuxFAunF;%iﬁ)UwaS@ﬂ.
Erom ﬁthis equation, we obtain the following nonvanishing D(F’) brackets: 212
eld-field:

[a1(x), ax(]”" = 27285 — ), (2.16a)
(Vi) ws ] = —isupd @ — 7). (2.16b)

field-momentum:
[as(). p"]” = 8G — ), (2.16¢)
[4,0), PP D] = 828G - 7). (2.16d)

When we impose the D (F') brackets, we must take the second-class constraints as equa-
tions strongly equal to zero. Thus, the following field variables remain determined:

1

i = 47”58%,, (2.17a)
1.
n;:—l“; vl (2.17b)
T—1
Ty = lTwa, (2.17¢)

Furthermore, the last term on the right-hand side of (2.11) vanishes and so the extended
Hamiltonian remains

He:/dzx(Hc+,0"Ea). (2.18)

Now, we calculate the final Dirac brackets or simply, Dirac brackets.
The Dirac bracket between the functions R(x) and S(y) is defined as follows:
D(F)

[R), SM]” = [R), S(]

_ /dzu A [R(x), Ax)]PP G LG, ) [As(w), (] (2.19)
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In this equation, G~! is the inverse of the matrix G whose elements are [A 4, Ag], A, B =
1,...,8, A, =%, and A4y, = ©,, where ®, ~ 0 are admissible gauge-fixing conditions,
one for each first-class constraint. The gauge-fixing conditions must verify that detG % 0
and must be compatible with the equations of motion.

We choose the following gauge-fixing conditions:

O, =0da ~0, (2.20a)
®,=9'A;~0, (2.20b)
O3 =ay~0, (2.20¢)
. 1 ..
O4= V3?49 —3; P' + 2—8” A;~0, (2.204d)
. .

which satisfy the above requirements.
We find that the matrix G is given by

0 0 0 0 evVZ -V 0 0
0 0 0 O 0 —éVz 0 0
0 0O 0 O 0 0 -1 0
G 0 0O 0 O 0 0 0 —-V? 5G — ) 221)
v 0 00 o o o o |°Y7 '
Vi vz o 0 0 o o0 WV
0 0O 1 0 0 0 0 0
0 0 0 V2 o0 -VvZ 0 0
its determinant is
detG = — (V?)°8(% — 3) 0, (2.22)
and its inverse reads
0 0 0 0 —elu 0 00
0 0 0 —ieu —iu —ieu 0 O
0 0 0 0 0 0 v 0
G- 0 ieu O 0 0 0 0 u (2.23)
“le'w w0 0 0 o o0 o}’ '
0 ieu O 0 0 0 00
0 0 —v 0 0 0 00
0 0 0 —u 0 0 00
where u = —(27)"'In|X — ¥| and v = § (% — y).

Therefore, from (2.19) we find the following nonvanishing Dirac brackets:
field-field:

[a1(x), ax(0)]” = 27¢8( — ), (2.24a)

(Vi) W5 0)]] = ~i8upd @ — ). (2.24b)
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field-momentum:
) CoL . 1 L
[A; (), Pf(y)]‘f =88(x -y + z—a;faw In|X — |, (2.24¢)
T
momentum-momentum:
1 2..71° oo o
[P'), PP(W]. = —%8()( — ). (2.24d)
When we impose the Dirac brackets, we must take the first-class constraints and the

gauge-fixing conditions as equations strongly equal to zero. Hence, the following field vari-
ables remain determined:

p’ =0, (2.25a)
P’ =0, (2.25b)
ap =0, (2.25¢)
1 A S
Aop(x) = —/dzy (—8,-P’ + —¢ a,-A,> () In|X = y|. (2.25d)
21 20

Furthermore, the second term on the right-hand side of (2.18) vanishes and so the extended
Hamiltonian coincides with the canonical one.

Thus, the dynamics of the classical model remains completely specified.

Finally, the canonical quantization is made by replacing the Dirac brackets between field
variables by the equal-time commutators or anticommutators between field operators ac-
cording to the usual rule [9].

On the other hand, let us note that a CB system can be studied in the same way. In
this case, the matter field is a charged scalar field. Therefore, the fermionic second-class
constraints (2.6d) and (2.6e) turn into bosonic second-class ones. Besides, the fermionic
brackets (2.5¢), (2.5d), (2.16b) and (2.24b) become into bosonic ones.

3 Path Integral Quantization, Feynman Rules and Diagrammatic Structure

We use the Feynman path integral quantization formalism according to the FS method be-
cause the model has first and second-class constraints. For this reason, we write the gener-
ating functional of the model as follows:

Z= / Da, Dp"DA,DP'DY, DDy Drs (Ly) (det F)'/>5(A,) (det G)'/?
X exp [i/zfx (aup" + A P* +yn’ +4 ' —He)], (3.1

where 6(I';) and 6(A,) stand for products of Dirac delta functions and the Hamiltonian
density H, was given in (2.11).
We can write §(Ag) = §(Ap — f), where

1 ) 1 .. R
Fx)=— /dzy — P+ —¢€"9;A; ) (»)In|X = ¥|. (3.2)
2 20 ’
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Hence, by means of the Dirac delta §(Ag), we calculate the path integral over Ay.
Next, by proceeding analogously to [26], we find that the generating functional remains

Z= f ]D)aMDAvID)wO,ID)w;(S(8/a1)8(3’"A,,,)exp<i f d’x ) (3.3)

where L is the starting Lagrangian density given by (2.1).

This result was expected. However, we considered necessary to start formally from the
canonical path integral (3.1) and to prove that it is possible to arrive at the Lagrangian path
integral (3.3). The reason is that, as it is well-known, there are many field theories in which
the simple Lagrangian path integral cannot be obtained from the canonical one (see, for
instance, [33] and references therein).

Finally, by using the Faddeev-Popov trick as in [26], the generating functional reads

Z= / Da, DA, Dy Dy} exp (i / d3xz:e_f,»>, (3.4)

where the Lagrangian density L., is written in terms of the independent dynamical field
variables, a,,A,, ¥, and 1//2, and so it constitutes the effective Lagrangian density of the
model. This is expressed as

Lopr =L+ Ly, (3.5)

where
ha 2
Lop =5 (0 an) + 5 (" A,)° (3.6)

is the gauge-fixing Lagrangian density.

Now, from (3.5), we calculate, similarly to [26], the propagators and vertices, in the
momentum space, of the model.

As a result, the propagators d,, and D,,, of the gauge fields a, and A, respectively,
read

1 kyk, .- kP
d;u)(k) = E e + 2ln¢5uupﬁy (3.7a)
1 1 k? kuky, .
D, (k) = gﬂ”sz + <E - ﬁ) & + ZSMPW, (3.7b)
where k% = kK"
The propagator G of the matter field ¥ is written as
5\
G(p.E) = (E—/L - 2—) , (3.8)
mp

where E is the particle energy, p its ordinary momentum and p? = p? + p3.
The vectors V" = (V;j), n =1, 2, which represent the 3-point vertices of the model, read

vi=v, (3.92)
Vvi=eV, (3.9b)
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1
V= (1, —qi>, (3.10)
nyp
withi =1, 2.

Finally, the matrices W, = (Wk"), m =1, 2, 3, which represent the 4-point vertices, are
written as

where

Wi=——-W, (3.11a)
Zmb
22
Wy =——W, (3.11b)
2mb
e
W;=——W, 3.11¢)
myp
where
0 0 0
w=|0 1 0]. (3.12)
0 0 1

Next, we establish the Feynman rules of the model [39]:
(i) Propagators. We represent the propagators of the gauge fields a,, and A, with a thick
wavy line and a thin wavy line

k
=d(k),
H NNy
k
ED;w(k)g

H /\/\/\ v
respectively, and the propagator of the matter field iy with a straight line

p =G(p, E).

(ii) Vertices. Thus, the 3-point vertices of the model remain represented by

—y! 2
AVM’ )\VH

and the 4-point ones by

X =w", X Wi,
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_ Y
= Wi,

The remaining Feynman rules are the usual ones.

Next, in the framework of the perturbative theory, by means of a power-counting analysis,
we find that the model has thirty-seven primitively divergent diagrams, twenty of them with
two vertices and the rest with three.

In a future paper, we will develop the regularization and the renormalization of the model.
Nevertheless, it is easy to show that this only has a finite number of divergent diagrams, i.e.,
it is a superrenormalizable model.

4 BRST Formalism

We note that the expressions obtained in Sect. 2 for H,, H,, X1, X, and ®4 are different
from the ones corresponding to the original model [26]. Nevertheless, as it can be shown,
for the BRST formalism, the mathematical developments used and the results found are
exactly the same as the ones corresponding to such model.

5 Comparison between the Present and Original Models

Now, we are going to compare the found results with the ones corresponding to the original
model [26].

In the present model, we have considered a topological mass term for the electromag-
netic field, given by the first term on the right-hand side of (2.2b). Consequently, we have
assumed that the real magnetic flux is attached to the particles. As we have seen in Sect. 2,
by removing that term, we get the Lagrangian density corresponding to the original model.

Furthermore, in the present model, in contrast to the original one, the equations (2.23)
and (2.25d), and consequently (2.24c) and (3.2), were obtained by considering rigorously
the (2 + 1)-dimensionality of the model.

We find that the mathematical developments used and the results obtained for the present
model extend the ones corresponding to the original model. In particular, the equations for
the original model can be found directly from the ones corresponding to the present model
by cancelling the terms with topological mass.

On the other hand, we find that the propagator of the electromagnetic field D,,,, given by
(3.7b), has the same ultraviolet behavior that the one corresponding to the original model.

6 Conclusions and Outlook

By generalizing the model proposed in [26], a classical nonrelativistic U (1) x U(1) gauge
field model that describes the topologically massive electromagnetic interaction of compos-
ite particles in (2+1) dimensions has been postulated.

Next, by following the Dirac method, the canonical quantization was performed. The
model has ten constraints, four of them first-class and the rest second-class.
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Afterwards, by means of the FS formalism, the path integral quantization procedure was
developed. As a result, the Feynman rules of the model were established and its diagram-
matic structure was analyzed. The model has five vertices, two of them with three points and
the rest with four. Furthermore, the model has thirty-seven primitively divergent diagrams,
twenty of them with two vertices and the rest with three.

Then, the application of the BRST algorithm to the model was briefly described.

Finally, the present and original models were compared.

The paper was developed considering explicitly the CF case.

In future papers, we will compare the obtained results with the ones corresponding to
other models.

Besides, we will apply the found results within the framework of condensed matter.

Moreover, as we said in Sect. 3, we will analyze the perturbative development for the
model.

On the other hand, as it is known, by adding higher-derivative terms for the gauge fields to
the Lagrangian density of a model, keeping its gauge invariance, the ultraviolet behavior of
the propagators corresponding to such fields can be improved. Consequently, the divergence
of those diagrams in which these propagators take place can be eliminated [1, 3, 11-14, 30,
31]. For this reason, we think it is interesting to apply, in a future paper, this method to the
model.
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